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Abstract
An endomorphism of a graph is a mapping on the vertex set of the graph which preserves edges. In this paper we provide an
algorithm to determine the cardinalities of endomorphism monoids of finite undirected paths.
c© 2008 Elsevier B.V. All rights reserved.
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As the main theorem we give formulas how to compute the cardinalities of the endomorphism monoids of finite
undirected paths. We consider the endomorphisms to be edge-preserving mappings of the vertex set of a graph into
itself. We note that undirected paths as very special trees have exactly two automorphisms and no other quasi-strong
or strong endomorphisms. For the latter two concepts see for example [2], as well as for half strong and locally strong
endomorphisms. Moreover all endomorphisms are half strong which means that every edge has at least one preimage.
So only the set of locally strong endomorphisms (i.e. endomorphisms such that for images which form an edge, every
preimage of one end point of this edge has a neighbor in the preimage set of the other end point of this edge) is
different from the group of automorphisms and the monoid of all endomorphisms if the path has at least 5 vertices
(see, for example, [3]), but does not form a monoid if the path has 7 vertices or more, as can be seen by calculation.
This will be studied in detail in a forthcoming paper.
Main Theorem. The cardinalities |End(Pm)| of the endomorphism monoids of undirected paths Pm with m vertices
(and (m − 1) edges) are:
|End(Pm)| = 2
bm2 c−1∑
r=0
e(Pm, r)+ 12 [1+ (−1)
m+1]e
(
Pm,
⌊m
2
⌋)
where
e(Pm, k) =
dm+k2 e−1∑
j=d k2 e
(
m − 1
j
)
−
b k2 c−1∑
j=0
(
m − 1
j
)
−
bm−k−12 c−1∑
j=0
(
m − 1
j
)
.
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For convenience we compute |End(Pm)| for m ≤ 21.
m 1 2 3 4 5 6 7
|End(Pm)| 1 2 6 16 42 104 252
m 8 9 10 11 12 13 14
|End(Pm)| 592 1,370 3,112 6,996 15,536 34,244 74,832
m 15 16 17 18 19 20 21
|End(Pm)| 162,616 351,136 754,938 1,615.208 3,443,940 7,314,928 15,493,676
In the following sections we will prove the main theorem. The general results of Section 1 are adopted for our
purposes in Sections 2 and 3. Slightly different methods from those in Section 1 for counting paths in square lattices
but only from (0, 0) to (i, i) are presented in [4].
1. Square lattices
Consider a square lattice as follows.
We note that all shortest paths on this square lattice from the point (0, 0) to any point (i, j) can be obtained by
going from the point (0, 0) to the right or up only until arrival at the point (i, j). If we denote any step to the right
by 1 and any step up by 0, then any such path will have i occurrences of 1 and j occurrences of 0. Conversely, any
permutation of i copies of 1 and j copies of 0 will be a shortest path from the point (0, 0) to the point (i, j). Therefore
we have
Lemma 1.1. The number M(i, j) of shortest paths from the point (0, 0) to any point (i, j) in the square lattice is
M(i, j) =
(
i+ j
j
)
, where
( n
k
) = n!k!(n−k)! for non-negative integers n, k such that n ≥ k.
We call the following an r -ladder square lattice.
Let Mr (i, j) denote the number of shortest paths from the point (0, 0) to any point (i, j) in an r -ladder square
lattice and let M ′r (i, j) denote the number of shortest paths from the point (0, 0) to any point (i, j) in the lattice which
do not pass the point (i, j − 1) if j > 0, and set M ′r (i, 0) = 1 for all i ≥ 0.
The next lemma is obtained directly from the definitions of Mr (i, j), M ′r (i, j), for 5 and 6, see also [1].
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Lemma 1.2. For non-negative integers i, j, r we have
1. Mr (i, 0) = M ′r (i, 0) = 1,
2. M ′r (0, j) = 0, if 0 < j ≤ r,
3. M ′r (i, r + i) = 0,
4. Mr (i, j) = M(i, j) =
(
i+ j
j
)
, if 0 ≤ j ≤ r,
5. Mr (i, j) = M ′r (i + 1, j) =
∑ j
k=0 M ′r (i, k),
6. M ′r (i, j) = M ′r (i − 1, j)+ M ′r (i, j − 1), if i, j ≥ 1.
Lemma 1.3. Let r ≥ 0. Then on the r-ladder square lattice we have
Mr (i, r + 1) =
(
i + r + 1
r + 1
)
−
(
i + r + 1
0
)
, for all i ≥ 1.
Proof. We prove this statement by induction on i ≥ 1.
1. Let i = 1, then we compute
Mr (1, r + 1) = M ′r (2, r + 1) by Lemma 1.2(5)
= M ′r (1, r + 1)+ M ′r (2, r) by Lemma 1.2(6)
= 0+ M ′r (2, r) by Lemma 1.2(3)
= Mr (1, r) by Lemma 1.2(5)
=
(
1+ r
r
)
by Lemma 1.2(4)
=
(
2+ r
1+ r
)
−
(
2+ r
0
)
=
(
1+ r + 1
r + 1
)
−
(
1+ r + 1
0
)
.
2. Assume that the formula is true for some i ≥ 1 and consider Mr (i + 1, r + 1). By the same arguments as in (1) we
get
Mr (i + 1, r + 1) = M ′r (i + 2, r + 1)
= M ′r (i + 1, r + 1)+ M ′r (i + 2, r)
= Mr (i, r + 1)+ Mr (i + 1, r)
=
(
i + r + 1
r + 1
)
−
(
i + r + 1
0
)
+
(
i + r + 1
r
)
=
(
i + r + 1
r + 1
)
+
(
i + r + 1
r
)
−
(
i + r + 1
0
)
=
(
i + r + 2
r + 1
)
−
(
i + r + 2
0
)
.
Therefore the formula is true for all integers i ≥ 1. 
Lemma 1.4. Let m ≥ 1 and r ≥ 0 be integers. Then on the r-ladder square lattice we have
Mr (i, r + m) =
(
i + r + m
r + m
)
−
(
i + r + m
m − 1
)
for all i ≥ m, implies
Mr (i, r + m + 1) =
(
i + r + m + 1
r + m + 1
)
−
(
i + r + m + 1
m
)
for all i ≥ m + 1.
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Proof. Assume that
Mr (i, r + m) =
(
i + r + m
r + m
)
−
(
i + r + m
m − 1
)
for all i ≥ m.
The same argument as in the proof of the last lemma, we prove by induction that
Mr (i, r + m + 1) =
(
i + r + m + 1
r + m + 1
)
−
(
i + r + m + 1
m
)
for all i ≥ m + 1.
1. Let i = m + 1, then we compute
Mr (m + 1, r + m + 1) = M ′r (m + 2, r + m + 1)
= M ′r (m + 1, r + m + 1)+ M ′r (m + 2, r + m)
= 0+ M ′r (m + 2, r + m)
= Mr (m + 1, r + m)
=
(
m + 1+ r + m
r + m
)
−
(
m + 1+ r + m
m − 1
)
by assumption
=
(
m + 1+ r + m + 1
r + m + 1
)
−
(
m + 1+ r + m + 1
m
)
.
So the formula is true for i = m + 1.
2. Assume that the formula is true for some i ≥ m + 1 and consider Mr (i + 1, r + m + 1). By the same arguments
as in (1) we get
Mr (i + 1, r + m + 1) = M ′r (i + 2, r + m + 1)
= M ′r (i + 1, r + m + 1)+ M ′r (i + 2, r + m)
= Mr (i, r + m + 1)+ Mr (i + 1, r + m).
Then
Mr (i + 1, r + m + 1)
=
((
i + r + m + 1
r + m + 1
)
−
(
i + r + m + 1
m
))
+
((
i + 1+ r + m
r + m
)
−
(
i + 1+ r + m
m − 1
))
=
((
i + r + m + 1
r + m + 1
)
+
(
i + r + m + 1
r + m
))
−
((
i + r + m + 1
m
)
+
(
i + r + m + 1
m − 1
))
=
(
i + r + m + 2
r + m + 1
)
−
(
i + r + m + 2
m
)
.
Therefore the formula is true for all integers i ≥ m + 1. 
From Lemmas 1.3 and 1.4, we get the following proposition.
Proposition 1.5. Let r ≥ 0, j ≥ r + 1 be integers. Then on the r-ladder square lattice, we have
Mr (i, j) =
(
i + j
j
)
−
(
i + j
j − r − 1
)
. 
Consider now the opposite r -ladder square lattice as follows.
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We show that it can be treated in the same way as the r -ladder square lattice in Fig. 2. Let m = i + j . We will
see that if a1, a2, . . . , am is a permutation of i copies of 1 and j copies of 0 which represents a shortest path from
the point (0, 0) to any point (i, j) on the r -ladder square lattice, then the permutation am, am−1, . . . , a1 will be a
permutation of a shortest path from the point (0, 0) to the point (i, j) on the opposite r -ladder square lattice, and vice
versa. Therefore the number of shortest paths from the point (0, 0) to any point (i, j) on the opposite r -ladder square
lattice is Mr (i, j), the number of shortest path on the r -ladder square lattice. The argument becomes obvious if we
turn the opposite r -ladder square lattice 180 degrees, then it becomes an r -ladder square lattice.
2. Endomorphisms on paths
Let Pm = {0, 1, 2, . . . ,m − 1} be an undirected path of length m − 1, where m ≥ 1. Denote the number of
endomorphisms of the path Pm by |End(Pm)| and the number of endomorphisms of the path Pm which maps 0 to r
by e(Pm, r). To make the principle clear we show how to determine the number e(P4, 0) by using a decision tree as
follows:
The picture indicates under every point its possible images, assuming that 0 is fixed. This implies that 1 is fixed
and that 2 can be mapped to 0 or stay fixed etc. From the tree we get e(P4, 0) = 3.
We get the same tree when we determine e(P4, 3).
This implies the following results.
Proposition 2.1. With the above notation, for every integer m ≥ 2, n ≥ 1, we have
1. e(Pm, r) = e(Pm,m − r − 1) if 0 ≤ r ≤ m − 1,
2. |End(P2n)| = 2∑n−1r=0 e(P2n, r),
3. |End(P2n+1)| = 2∑n−1r=0 e(P2n+1, r)+ e(P2n+1, n).
Note that in 3, for the middle point n there is no factor 2 for e(P2n+1, n).
Now we proceed to compute e(Pm, r) by using Lemma 1.1 and Proposition 1.5 in Section 1. We start with e(P4, 0)
and e(P4, 1). If we identify “leaves” which carry the same number, then the tree from Fig. 3 becomes a square lattice
as in the following picture:
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So we get
e(P4, 0) = M(3, 0)+ M0(2, 1)
=
(
3+ 0
0
)
+
((
2+ 1
1
)
−
(
2+ 1
1− 0− 1
))
=
(
3
0
)
+
(
3
1
)
−
(
3
0
)
= 1+ 3− 1
= 3.
Now we can compute e(P4, 1) with the following picture:
We see that
e(P4, 1) = M(2, 1)+ M1(1, 2)
=
(
3
1
)
+
((
3
2
)
−
(
3
0
))
= 3+ 3− 1
= 5.
Then with Proposition 2.1(2) we get
|End(P4)| = 2(e(P4, 0)+ e(P4, 1)) = 2(3+ 5) = 16.
3. Proof of the Main Theorem
We now give all necessary formulas for e(Pm, k). Adding them up as indicated in Proposition 2.1 will give the
Main Theorem. Note that for all proofs, the computation of every single element e(Pm, k) we either have an r -ladder
square lattice or an opposite r -ladder square lattice but not both at the same time.
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Lemma 3.1. The number of endomorphisms on the path P2n which fixes 0,
e(P2n, 0) =
(
2n − 1
n − 1
)
.
Proof. To find e(P2n, 0), we consider the following figure, drawn for n = 5:
Then we compute
e(P2n, 0) = M(2n − 1, 0)+ M0(2n − 2, 1)+ M0(2n − 3, 2)+ · · · + M0(n, n − 1)
=
(
2n − 1
0
)
+
((
2n − 1
1
)
−
(
2n − 1
0
))
+
((
2n − 1
2
)
−
(
2n − 1
1
))
+ · · · +
((
2n − 1
n − 1
)
−
(
2n − 1
n − 2
))
=
(
2n − 1
n − 1
)
. 
We can compute all of the following lemmas as in the proof of Lemma 3.1.
Lemma 3.2. The number of endomorphisms on the path P2n+1 which fixes 0,
e(P2n+1, 0) =
(
2n
n
)
.
Proof. To find e(P2n+1, 0), we consider the following figure, drawn for n = 5:

Lemma 3.3. The number of endomorphisms on the path P2n which maps 0 to 1,
e(P2n, 1) =
(
2n − 1
n − 1
)
+
(
2n − 1
n
)
−
(
2n − 1
0
)
.
Proof. To find e(P2n, 1), we consider the following figure, drawn for n = 5:
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
Lemma 3.4. The number of endomorphisms on the path P2n+1 which maps 0 to 1,
e(P2n+1, 1) =
(
2n
n − 1
)
+
(
2n
n
)
−
(
2n
0
)
.
Proof. To find e(P2n+1, 1), we consider the following figure, drawn for n = 5:

For the number e(Pm, k) where k > 1, we write in the form e(P2n, 2t), e(P2n, 2t − 1), e(P2n+1, 2t) and
e(P2n+1, 2t − 1) as in the following lemmas.
Lemma 3.5. The number of endomorphisms on the path P2n which maps 0 to 2t , for 1 ≤ t ≤ n − 2,
e(P2n, 2t) =
n+t−1∑
j=t
(
2n − 1
j
)
−
t−1∑
j=0
(
2n − 1
j
)
−
n−t−2∑
j=0
(
2n − 1
j
)
.
Proof. To find e(P2n, 2t), we consider the following figure, drawn for n = 6, t = 2:

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Lemma 3.6. The number of endomorphisms on the path P2n which maps 0 to 2t − 1, for 2 ≤ t ≤ n − 1,
e(P2n, 2t − 1) =
n+t−1∑
j=t
(
2n − 1
j
)
−
t−2∑
j=0
(
2n − 1
j
)
−
n−t−1∑
j=0
(
2n − 1
j
)
.
Proof. To find e(P2n, 2t − 1), we compute according to the following figure, drawn for n = 6, t = 3:

Lemma 3.7. The number of endomorphisms on the path P2n+1 which maps 0 to 2t ,
e(P2n+1, 2t) =
n+t∑
j=t
(
2n
j
)
−
t−1∑
j=0
(
2n
j
)
−
n−t−1∑
j=0
(
2n
j
)
for 1 ≤ t ≤ n − 1.
Proof. To find e(P2n, 2t − 1), we compute according to the following figure, drawn for n = 6, t = 3:

Lemma 3.8. The number of endomorphisms on the path P2n+1 which maps 0 to 2t − 1, for 2 ≤ t ≤ n − 1,
e(P2n+1, 2t − 1) =
n+t−1∑
j=t
(
2n
j
)
−
t−2∑
j=0
(
2n
j
)
−
n−t−1∑
j=0
(
2n
j
)
.
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Proof. To find e(P2n+1, 2t − 1), we consider the following figure, drawn for n = 6, t = 3:

Then we write all lemmas in this section by
Proposition 3.9. For integers m, k such that m ≥ 2 and 0 ≤ k ≤ m − 1.
e(Pm, k) =
dm+k2 e−1∑
j=d k2 e
(
m − 1
j
)
−
b k2 c−1∑
j=0
(
m − 1
j
)
−
bm−k−12 c−1∑
j=0
(
m − 1
j
)
.
From Propositions 2.1 and 3.9, we get the Main Theorem.
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